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Wloexuj Xqlyhuvlw|/ S1R1Er{ <3486/ 8333 OH Wloexuj/ Wkh Qhwkhuodqgv

Fhqwuh iru Txdqwlwdwlyh Phwkrgv/ S1R1Er{ 747/ 8933 DN Hlqgkryhq/ Wkh Qhwkhuodqgv

Wrzhuv Shuulq/ S1R1Er{ 453;</ 4433 DE Dpvwhugdp ]xlgrrvw/ Wkh Qhwkhuodqgv
Pdufk 5;/ 5336
Devwudfw
Iru d qxpehu ri vwdwlvwlfdo dssolfdwlrqv/ h{shuwv* vxemhfwlyh hvwlpdwhv duh qhhghg iru
glvwulexwlrqdo sdudphwhuv/ olnh phdq dqg yduldqfh> vrphwlphv hyhq wkh zkroh ghqvlw| lv
zdqwhg1 Wkh olwhudwxuh djuhhv wkdw lw lv zlvh ehkdylrxu wr dvn wkh h{shuw rqo| txdqwloh
hvwlpdwhv> iurp wkhvh/ wkh ghvluhg sdudphwhu ru ghqvlw| lv ghulyhg1 Pdq| phwkrgv/ xvlqj
glhuhqw vhwv ri txdqwlohv/ kdyh ehhq vxjjhvwhg1
D qhz phwkrg lv sursrvhg khuh1 H{shuwv duh dvnhg wkh uhodwlyho| vlpsoh wdvn ri
hvwlpdwlqj wkh vhyhq ydoxhv wkdw glylgh wkh wrwdo suredelolw| pdvv lqwr hljkw htxdo sduwv1
Wkhvh vhyhq txdqwlohv xqltxho| ghwhuplqh rqh glvwulexwlrq zlwklq erwk wkh Shduvrq dqg
wkh Mrkqvrq v|vwhp ri glvwulexwlrqv1
Frpsdulvrqv ehwzhhq glhuhqw phwkrgv zhuh lq wkh sdvw jhqhudoo| edvhg rq
wkhruhwlfdo dujxphqwv1 D pruh sudfwlfh0rulhqwhg dssurdfk lv iroorzhg khuh= wrjhwkhu
zlwk wkuhh riwhq0xvhg phwkrgv/ rxu qhz phwkrg lv whvwhg h{shulphqwdoo|= 89 vwxghqwv
zlwk vrph h{shuw nqrzohgjh hvwlpdwhg txdqwlohv ri irxu glvwulexwlrqv1 Wkh dffxudf| ri





Holflwlqj h{shuwv* rslqlrqv rq hlwkhu frpsohwh glvwulexwlrqv ru mxvw vrph sdudphwhu ydo0
xhv lv dq lpsruwdqw lvvxh lq d qxpehu ri duhdv ri dssolhg uhvhdufk1 Lq ulvn dqdo|vlv dqg
ghflvlrq pdnlqj lq jhqhudo/ h{shuwv* mxgjphqwv duh qhhghg rq wkh suredelolwlhv ri +kd}0
dugrxv, hyhqwv1 S+urjudp, H+ydoxdwlrq dqg, U+hylhz, W+hfkqltxh, dqg vlplodu surfhvv
frqwuroolqj phwkrgv duh edvhg xsrq mxgjphqwv ri wkh gxudwlrq ri vhsdudwh dfwlylwlhv/ sdu0
wlfxoduo| wkhlu phdqv dqg yduldqfhv1 Frpsduh wh{werrnv rq ghflvlrq wkhru| olnh Fohphq
+4<<4,1 Lq vhqvlwlylw| dqdo|vlv dv zhoo/ lqirupdwlrq lv qhhghg rq wkh sdudphwhuv ru wkh
glvwulexwlrq ri ulvn idfwruv> vhh iru d frpsdulvrq ri erwk vlwxdwlrqv Y dq Jurhqhqgddo )
Nohlmqhq +4<<:, dqg 0 pruh jhqhudoo| 0 Vdowhool hw do1 +5333,1 Wkh zkroh hog ri Ed|hvldq
vwdwlvwlfv urrwv lq wkh frqfhsw ri vxemhfwlyh sulru glvwulexwlrqv iru xqnqrzq sdudphwhuv/
vr wkdw khuh frpsohwh glvwulexwlrqv duh dvnhg iru1 Frpsduh h1j1 wkh wlph0krqrxuhg
wh{werrnv/ Zlqnohu +4<:5, ru Ehujhu +4<;8,1
Wkh olwhudwxuh djuhhv wkdw wkh gluhfw dvvhvvphqw ri d glvwulexwlrq dqg2ru lwv phdq
dqg yduldqfh lv d wdvn wrr frpsolfdwhg iru prvw lqglylgxdov1 Lqvwhdg/ mxgjphqwv derxw
txdqwlohv duh holflwhg uvw> iurp wkhvh/ wkh vwdwlvwlfldq ghulyhv wkh ghvluhg lqirupdwlrq1
Jrrg vrxufhv iru wklv lvvxh duh Vshw}ohu ) Vwdîo yrq Krovwhlq +4<:8, dqg Phunkrihu
+4<;:,1
Wkh uvw txhvwlrq wkdw lpphgldwho| dulvhv lv=
4, Zkdw txdqwlohv vkrxog eh dvnhg iruB
Vlqfh lq jhqhudo d jlyhq vhw ri txdqwlohv grhv qrw xqltxho| ghwhuplqh d glvwulexwlrq/
qru 0 frqvhtxhqwo| 0 phdq dqg yduldqfh/ d vhfrqg txhvwlrq iroorzv=
5, Krz fdq wkh glvwulexwlrq dqg2ru phdq dqg yduldqfh eh ghulyhg iurp wkhvh txdq0
wlohvB
Wr dqvzhu wklv vhfrqg txhvwlrq lw zloo eh qhfhvvdu| wr olplw wkh vhdufk wr fhuwdlq vhwv ri
glvwulexwlrq1 Lq Ed|hvldq vwdwlvwlfv iru h{dpsoh/ fodvvhv ri glvwulexwlrqv duh frqvlghuhg= li
wkh sulru kdv wr eh v|pphwulf dqg xqlprgdo/ wkh fodvv ri qrupdo glvwulexwlrqv iQ E> 
￿
 G




j lv dq reylrxv fkrlfh1 Wkh fodvv ri ehwd glvwulexwlrqv iEhE>  G >  5
U
￿
j lv ulfkhu lq wkh vhqvh wkdw lw doorzv dovr X > M dqg lqyhuvh M0vkdshg ghqvlwlhv1
Wklv fodvv zdv xvhg e| Nhhihu ) Y hqglql +4<<6, wr lqyhvwljdwh wkh phulwv ri vhyhudo vhwv6
ri txdqwlohv1 Dqrwkhu srvvlelolw| lv wr frqvlghu v|vwhpv ri glvwulexwlrqv/ frqvlvwlqj ri
vhyhudo fodvvhv1 Ehvw0nqrzq h{dpsohv duh wkh v|vwhpv ri Shduvrq dqg Mrkqvrq/ wkdw zloo
eh pruh dpso| glvfxvvhg lq Vhfwlrq 61 Erwk v|vwhpv zhuh xvhg lq wkh lqwhuhvwlqj sdshu
Odx hw do1 +4<<;,1
Wkuhh ri wkh prvw srsxodu phwkrgv 0 sduwlfxoduo| gluhfwhg dw qglqj phdq dqg
yduldqfh 0 duh uhylhzhg lq Vhfwlrq 51 Vhfwlrq 6 lqwurgxfhv rxu qhz phwkrg/ zkhuh
txhvwlrq 4, lv dqvzhuhg e| phdqv ri wkh vhyhq vr0fdoohg rfwlohv wkdw glylgh wkh wrwdo
suredelolw| pdvv lqwr hljkw htxdo sduwv1 Vlqfh wkh uvw txduwloh lv wkh phgldq ri wkh corzhu
kdoi* ri wkh glvwulexwlrq/ dqg vr rq/ wkh h{shuw qrz kdv wkh hdvlhu wdvn ri uhshdwhgo|
hvwlpdwlqj phgldqv1 Iurp wkh vhyhq rfwlohv txdqwloh phdvxuhv iru orfdwlrq/ vsuhdg/
vnhzqhvv dqg cshdnhgqhvv* duh fdofxodwhg zklfk fruuhvsrqg zlwk h{dfwo| rqh glvwulexwlrq
zlwklq wkh Shduvrq/ dqg rqh zlwklq wkh Mrkqvrq v|vwhp1 Vlqfh phdq dqg yduldqfh duh
xqltxho| ghwhuplqhg e| frqvhtxhqfh/ wklv lpphgldwho| dqvzhuv txhvwlrq 5,1
Wkh irxu phwkrgv iurp Vhfwlrqv 5 dqg 6 duh frpsduhg e| phdqv ri d hog
h{shulphqw/ lq zklfk 89 vwxghqwv dssolhg rqh phwkrg wr irxu glvwulexwlrqv derxw zklfk
wkh| kdg vrph h{shuw nqrzohgjh1 Wkh suhflvh vhw0xs ri wklv h{shulphqw lv slfwxuhg
lq Vhfwlrq 71 Wkh dffxudf| ri wkh phwkrgv lq hvwlpdwlqj wkh vhwv ri txdqwlohv dqg/
pruh lpsruwdqwo| / lq hvwlpdwlqj phdq dqg yduldqfh/ lv suhvhqwhg lq Vhfwlrq 81 Wkh qdo
Vhfwlrq 9 glfxvvhv rxu qglqjv1
5 Wkuhh zhoo0nqrzq phwkrgv
D vwdwlvwlfdq zdqwv wr jdwkhu lqirupdwlrq derxw d yduldeoh zlwk xqnqrzq glvwulexwlrq/
ru pruh vshflfo| derxw lwv phdq dqg yduldqfh1 +Wkh glvwulexwlrq pd| eh hlwkhu d
iuhtxhqf| ru d suredelolw| glvwulexwlrq/ exw iru vlpsolflw| wkh sduodqfh ri wkh odwwhu zloo
eh xvhg khuh lq jhqhudo,1 Kh frqvxowv dq h{shuw lq wkh hog/ dvnlqj klp wr h{suhvv klv
lpsolflw nqrzohgjh e| uhyhdolqj klv vxemhfwlyh hvwlpdwhv iru d {hg vhw ri txdqwlohv1 I urp
wkhvh hvwlpdwhg txdqwlohv/ wkh vwdwlvwlfdq hvwlpdwhv phdq dqg yduldqfh1 Wkuhh idploldu
phwkrgv zloo eh glvfxvvhg ehorz/ xvlqj wkh iroorzlqj qrwdwlrq1
Ohw [ ghqrwh wkh yduldeoh ri lqwhuhvw/ zlwk glvwulexwlrq ixqfwlrq I / ghqvlw| i /
phdq  dqg yduldqfh 
￿
= D 0txdqwloh s
￿ lv dq| vroxwlrq ri wkh htxdwlrq
 ' S E[  s
￿  ' I Es
￿ =7








Phwkrg 4 H{whqghg Shduvrq0Wxnh|
Wklv phwkrg kdg lwv ruljlq lq Shduvrq ) Wxnh| +4<98,1 Lw xvhv wkuhh txdqwlohv/ iru


















Qh{w/ wkh vwdwlvwlfdq qgv hvwlpdwhv 	  dqg 	 
￿
e| phdqv ri wkh iroorzlqj h{suhvvlrqv=
+











































Phwkrg 5 H{whqghg Vzdqvrq0Phjloo
Wkh ruljlq ri wklv phwkrg zdv fuhglwhg wr Vzdqvrq lq Phjloo +4<::/ Dsshqgl{ E,1 Khuh/














duh xvhg wr fdofxodwh hvwlpdwhv e| phdqv ri
+



































Wkh wzr udwkhu vlplodu Phwkrgv 4 dqg 5 zhuh irxqg e| Nhhihu ) Y huglql +4<<6, wr eh
vxshulru wr vhyhudo frpshwlwruv lq fdvh wkh wuxh glvwulexwlrq ehorqjv wr wkh fodvv ri ehwd
glvwulexwlrqv1
Phwkrg 6 Vhoylgjh0Odx0Kr




































Odx hw do1 +4<<;, dssolhg wklv vhw wr erwk wkh Shduvrq dqg Mrkqvrq v|vwhp ri glvwulexwlrq1











































































Qrwh wkdw khuh e  lv hvwlpdwhg lqvwhdg ri e 
￿
= Lw lv zruwk phqwlrqlqj wkdw Odx hw do1 +4<<:,
suhvhqwhg glhuhqw hvwlpdwlrq irupxodh iru  dqg 18
6 Phwkrg 7
Edvlf fkdudfwhulvwlfv ri dq| glvwulexwlrq duh orfdwlrq/ vsuhdg/ vnhzqhvv dqg cshdnhgqhvv*1
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duh wkh phdq > wkh vwdqgdug ghyldwlrq  '
s
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= Ri frxuvh/ doo ri wkhvh h{lvw rqo| li 
￿ lv qlwh1
Prruv +4<;9/ 4<;;, vkrzhg wkdw cshdnhgqhvv* lv qrw wkh prvw dghtxdwh lqwhu0
suhwdwlrq ri nxuwrvlv 0 wkdw lv wkh uhdvrq iru wkh txrwdwlrq pdunv 0 dqg sursrvhg d
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Qrwh wkdw W lv d qdwxudo h{whqvlrq ri wkh iroorzlqj idploldu vhulhv ri txdqwloh phdvxuhv








T G wkh phgldq H
￿
>















￿ > wkh vkdsh sdudphwhuv V dqg W duh orfdwlrq0vfdoh lqyduldqw1 Ixuwkhu/
wkhvh txdqwloh0edvhg phdvxuhv duh pruh urexvw wkdq wkhlu prphqw0edvhg frxqwhusduwv
dqg h{lvw hyhq iru glvwulexwlrqv zlwkrxw qlwh prphqwv> h1j1 W ' 2 iru d Fdxfk|
glvwulexwlrq1
Ri frxuvh/ glhuhqw glvwulexwlrqv pd| ohdg wr wkh vdph ydoxhv iru wkh txduwhwv
E> > 
￿ > 
￿  ru ET> U> V> W = Krzhyhu/ lw lv zhoo0nqrzq wkdw zlwklq fhuwdlq v|vwhpv ri
glvwulexwlrqv/ dq| prphqw0edvhg txduwhw E> > 
￿ > 
￿  fruuhvsrqgv zlwk h{dfwo| rqh glv0
wulexwlrq1 Wklv surshuw| krogv iru wkh idploldu Shduvrq v|vwhp dv zhoo dv iru wkh Mrkqvrq
v|vwhp ri glvwulexwlrqv1 Wkh Shduvrq v|vwhp pdlqo| frqvlvwv ri fodvvhv ri irxu0sdudphwhu
glvwulexwlrqv/ fdoohg wkh pdlq w|shv1 Wkh sdudphwhuv zloo eh ghqrwhg e| wkh irxuvrph
Ed> e> f> g/ ri zklfk Ed> e lv wkh orfdwlrq0vfdoh sdudphwhu1 Wkh pdlq w|shv duh vhsdudwhg
e| wkh vr0fdoohg wudqvlwlrq w|shv/ kdylqj rqo| +wkh uvw, wkuhh sdudphwhuv19
Wkh Shduvrq v|vwhp frqwdlqv pdq| frpprq glvwulexwlrqv> Wdeoh 4 jlyhv dq
ryhuylhz ri wklv h{wuhpho| ulfk v|vwhp1
W deoh 41 Rxwolqh ri wkh Shduvrq v|vwhp1
Qdph W|sh Ghqvlw|- Udqjh Sdudphwhuv










df> o f> g A f













U f A f




￿ i Tdg duwdq {o U f A @2> g 5 U









































- xs wr d qrupdol}lqj frqvwdqw1
Urpdq jxuhv fruuhvsrqg zlwk wkh ruljlqdo frghv e| Shduvrq> wkh +plvvlqj, w|sh LL lv
wkh fodvv ri v|pphwulf Ehwd 4 glvwulexwlrqv zlwk f ' g1 Orfdwlrq0vfdoh sdudphwhuv Ed> e
kdyh ehhq ghohwhg iurp wkh ghqvlwlhv/ dv zhoo dv qrupdol}lqj frqvwdqwv1 Vhh iru ghwdlov
Vwxduw ) Rug +4<;:,/ s1543 1
Wkh Mrkqvrq v|vwhp frqvlvwv ri wudqvirupdwlrqv ri d vwdqgdug qrupdo glvwulex0
wlrq> vhh Wdeoh 51 Wkurxjkrxw/ d 5 U/ e 5 U
￿
krogv1
W deoh 51 Rxwolqh ri wkh Mrkqvrq v|vwhp
























































Vr/ zlwklq erwk v|vwhpv/ dq| orfdwlrq0vfdoh iuhh glvwulexwlrq zlwk h{lvwlqj irxuwk
prphqw kdv d xqltxh sdlu ri ydoxhv iru E
￿ > 
￿ 1 Iljxuh 4 vkrzv wkh zhoo0nqrzq vxe0
glylvlrq ri wkh E
￿
￿ 
￿ 0sodqh fruuhvsrqglqj wr wkh vhsdudwh fodvvhv> wkh wudqvlwlrq w|shv
duh wkh fxuyhv lq wklv sodqh1 Wkh v|pphwulf kdoi0sodqh zlwk 
￿ ? f lv rplwwhg1:
Iljxuh 41 Wkh E
￿ > 
￿ 0sodqh
Shduvrq v|vwhp Mrkqvrq v|vwhp
Lw zdv vkrzq e| Prruv hw do1 +4<<9, wkdw vlplodu xqltxhqhvv surshuwlhv krog iru wkh
txdqwloh edvhg phdvxuhv ET> U> V> W 1 Vlqfh iru erwk wkh Shduvrq dqg wkh Mrkqvrq
v|vwhp/ wkh orfdwlrq0vfdoh sdudphwhu lv xqltxho| ghwhuplqhg e| ET> U> dq| srlqw lq wkh
EV> W 0sodqh fruuhvsrqgv wr h{dfwo| rqh glvwulexwlrq= wudqvlwlrq w|shv duh uhsuhvhqwhg e|
fxuyhv1 Ri frxuvh/ wkh h{lvwhqfh ri prphqwv lv qr frqglwlrq dq|pruh1 Frpsduh Iljxuh
51 D pxfk pruh ghwdlohg yhuvlrq ri wklv jxuh/ dqg pdq| rwkhu ghwdlov/ fdq eh irxqg lq
Prruv hw do1 +4<<9,1
Qrz/ rxu qhz phwkrg wr dvvhvv d mxgjphqwdo glvwulexwlrq dqg2ru lwv phdq dqg
vwdqgdug ghyldwlrq fdq eh lqwurgxfhg1 Lw frqvlvwv ri vl{ vwhsv1
+l, Ghflgh zkhwkhu wkh Shduvrq ru wkh Mrkqvrq v|vwhp lv prvw dssursuldwh wr ghvfuleh
wkh vxemhfwlyh glvwulexwlrq1
+ll, Wkh vhyhq rfwlohv H
￿ duh holflwhg iurp wkh h{shuw1
+lll, Iurp +ll,/ wkh irxu txdqwloh0edvhg phdvxuhv ET> U> V> W  duh fdofxodwhg1
+ly, Iurp EV> W / wkh w|sh dqg sdudphwhuv ri wkh xqltxh orfdwlrq0vfdoh lqyduldqw glv0
wulexwlrq duh irxqg zlwklq wkh fkrvhq v|vwhp1
+y, Wkh olqhdu wudqvirupdwlrq lv irxqg wkdw ohdgv wr wkh rqh glvwulexwlrq zlwk phdvxuhv
ET> U> V> W  zlwklq wkh fkrvhq v|vwhp1
+yl, Wkh phdq dqg yduldqfh ri wklv xqltxh glvwulexwlrq duh fdofxodwhg1;
Iljxuh 51 Wkh EV> W 0sodqh
Shduvrq v|vwhp Mrkqvrq v|vwhp
Ri frxuvh/ vwhsv +ly,0+yl, fdq eh fduulhg rxw iru erwk v|vwhpv/ ohdglqj wr wzr vxemhfwlyh
glvwulexwlrqv1 Lq wkdw fdvh/ wkh qdo fkrlfh ehwzhhq wkhvh wzr uhsodfhv vwhs +l,1
Wkh dgydqwdjhv ri wklv qhz phwkrg fdq eh vxppdul}hg dv iroorzv1
41 Rfwlohv H
￿ duh d vlpsoh jhqhudol}dwlrq ri wkh phgldq= wkh uvw txduwloh H
￿
lv wkh
phgldq ri wkh corzhu kdoi* ri wkh suredelolw| glvwulexwlrq dqg vr rq1 Ehvlghv/ wkh
rfwlohv fruuhvsrqg wr prghudwh suredelolwlhv1 Wkhlu dvvhvvphqw wkhuhiruh zloo eh
uhodwlyho| hdv| 1
51 Wkh rfwloh0edvhg txdqwlwlhv ET> U> V> W  doorz d phdqlqjixo lqwhusuhwdwlrq dv phd0
vxuhv iru orfdwlrq/ glvshuvlrq/ vnhzqhvv dqg cshdnhgqhvv*/ uhvshfwlyho| 1
61 Wkh irxuvrph ET> U> V> W  ghwhuplqhv h{dfwo| rqh suredelolw| glvwulexwlrq erwk
zlwklq wkh Shduvrq v|vwhp dqg zlwklq wkh Mrkqvrq v|vwhp1
71 Frqvhtxhqwo| / zlwklq hdfk v|vwhp d xqltxh phdq dqg yduldqfh fruuhvsrqg zlwk
wkh ruljlqdo vhyhq rfwlohv1 Vr wkhuh lv qr qhhg iru dssur{lpdwlqj irupxodh olnh +6,1
81 Wkh Shduvrq v|vwhp frqwdlqv glvwulexwlrqv zlwk qrq0h{lvwlqj prphqwv> hyhq iru
wkhvh wkh phwkrg lv ydolg1 Ri frxuvh/ vwhs +yl, wkhq zloo kdyh wr eh rplwwhg1
Vlqfh wkhuh lv qr dqdo|wlfdo vroxwlrq iru vwhs +ly,/ d PD WODE surjudp zdv ghyhorshg1
Lw h{hfxwhv wkh fdofxodwlrqv iru vwhsv +ll,0+y, dqg fdq eh rewdlqhg iurp wkh dxwkruv1<
7 H{shulphqw
Wr frpsduh wkh irxu phwkrgv iurp Vhfwlrqv 5 dqg 6 lq sudfwlfh/ dq h{shulphqw zdv
ghylvhg dprqj vwxghqwv lq hfrqrplfv dqg exvlqhvv dw Wloexuj Xqlyhuvlw|1 Doo vwxghqwv
sduwlflsdwlqj lq wkh h{dp iru wkh Vwdwlvwlfv 5 frxuvh rq Mdqxdu| :/ 4<<: zhuh lqylwhg wr
wdnh sduw lq wkh h{shulphqw1 Wkh uhzdug zrxog eh wzrirog=
0 sduwlflsdqwv* h{dpv zrxog eh fruuhfwhg zlwk sulrulw|= dw wkh hqg ri wkh h{shulphqw/
sduwlflsdqwv zrxog uhfhlyh wkhlu pdun>
0 wkh 43( vwxghqwv shuiruplqj ehvw dw wkh h{shulphqw zrxog uhfhlyh d erqxv ri 83
Gxwfk jxloghuv +derxw 58 XV grooduv,1
Rqh zhhn odwhu/ rq Mdqxdu| 47/ 89 sduwlflsdqwv hqwhuhg wkh h{shulphqw1 Wkh| zhuh
glylghg lqwr irxu udqgrp jurxsv/ fruuhvsrqglqj zlwk wkh irxu phwkrgv ri dvvhvvlqj
txdqwlohv ghvfulehg lq wkh suhylrxv vhfwlrq1 Hdfk lqglylgxdo vwxghqw zdv dvnhg wr dvvhvv
wkh fruuhvsrqglqj vhw ri txdqwlohv iru wzr iuhtxhqf| glvwulexwlrqv dqg wzr suredelolw|
glvwulexwlrqv1 Wkhvh irxu glvwulexwlrqv zhuh lqwurgxfhg lq wkh iroorzlqj rughu> zh jlyh
+d wudqvodwlrq ri, wkh ruljlqdo lqvwuxfwlrq1 Qrwh wkdw doo vwxghqwv duh idploldu zlwk wkh
frqfhsw ri txdqwlohv> qhyhuwkhohvv wkh lqvwuxfwlrq vwduwhg zlwk d uhiuhvkhu +qrw suhvhqwhg
khuh, rq wklv vxemhfw1
Fdvh D +h{dp,
cWkh uvw txhvwlrq lv derxw wkh Vwdwlvwlfv 5 h{dp ri Mdqxdu| : 0 wkh uhvxow ri zklfk
|rx zloo khdu diwhu qlvklqj wkh h{shulphqw1 Z h zdqw wr nqrz krz jrrg |rx duh lq
hvwlpdwlqj wkh iuhtxhqf| glvwulexwlrq ri wkh pdunv rewdlqhg e| doo sduwlflsdqwv1 \ rx
rqo| qhhg wr oo lq rq wkh irup wkh wkuhh ^f1t1 vhyhq` txdqwlohv1 Lw frqfhuqv wkh ruljlqdo/
qrq0urxqghg/ uhvxowv1*
Fdvh E +djh,
cWkh vhfrqg txhvwlrq lv derxw wkh djh glvwulexwlrq ri Gxwfk zrpdq rq Mdqxdu| 4/ 4<<91
Urxqg wkh txdqwlohv wr |hduv +1111,1 Iloo lq wkh wkuhh ^f1t1 vhyhq` txdqwlohv rq wkh irup1*43
Fdvh F +olih wlph,
cWklv txhvwlrq/ dv zhoo dv wkh odvw/ lv rq suredelolw| glvwulexwlrqv1 Wkh olih wlph ri d
fhuwdlq nlqg ri oljkw exoe ghshqgv rq fkdqfh1 Iljxuh 6 vkrzv wkh suredelolw| ghqvlw| ri
wkh olih wlph ri vxfk d oljkw exoe> iru fodulfdwlrq/ wkh phgldq lv lqglfdwhg1
Iljxuh 61 Ghqvlw| olih wlph vlqjoh oljkw exoe1













0.5 quantile ® life time
­ p.d.f.
Wkh txhvwlrq qrz lv derxw wkh wrwdo olih wlph ri wzr ri wkhvh oljkw exoev1 Hdfk ri wkh
wzr kdv wkh ghqvlw| iurp wkh jxuh> wkh wzr olih wlphv duh lqghshqghqw1 Iloo lq rq wkh
irup wkh ydoxhv |rx wklqn wkh wkuhh ^f1t1 vhyhq` txdqwlohv ri wklv wrwdo olih wlph kdyh1*
Fdvh G +dprxqw D,
cWzr shuvrqv/ D dqg E/ duh doorzhg wr vsolw xs ehwzhhq wkhp 433 Gxwfk jxloghuv1 Wkh





wkhuhiruh lv d udqgrp yduldeoh/ zklfk suredelolw| ghqvlw| lv vkrzq lq Iljxuh 71 Dv
lqglfdwhg/ wkh suredelolw| wkdw Y h{fhhgv 4197 htxdov 318144
Iljxuh 71 Ghqvlw| sursruwlrq Y 1








0.5 quantile ® proportion V
­ p.d.f.
Wkh dprxqw wkdw D uhfhlyhv lv d udqgrp yduldeoh dv zhoo1 H1j1/ li y ' e lv wkh rxwfrph
ri wkh udqgrp gudzlqj/ D uhfhlyhv irxu wlphv E*v dprxqw> khqfh D uhfhlyhv ;3 jxloghuv1
Lq fdvh y ' @/ E uhfhlyhv wkulfh dv pxfk dv D/ vr wkdw D jhwv rqo| 58 jxloghuv1 Wkh
jhqhudo uxoh lv
dprxqw D ' ff
y
y n 
+lq jxloghuv,1 Wkh txhvwlrq lv derxw wkh suredelolw| glvwulexwlrq ri wkh dprxqw wkdw D
zloo rewdlq1 Iloo lq rq wkh irup wkh 0 dffruglqj wr |rx 0 fruuhfw ydoxhv ri wkh wkuhh ^f1t1
vhyhq` txdqwlohv1*





Fdvh D E F G




Vlplodu irupv zhuh kdqghg wr wkh rwkhu wkuhh jurxsv1 Pruh ghwdlov derxw wklv h{shulphqw
fdq eh irxqg lq Prruv hw do1 +5335,1
Lq wklv h{shulphqw/ vwxghqwv duh wdnhq wr eh wkh h{shuwv> krzhyhu/ vlqfh wkh Fdvhv D0G
vkrz lqfuhdvlqj frpsoh{lw|/ wkhlu h{shuw nqrzohgjh zloo eh ghfuhdvlqj1 Dv wr Fdvh D
+h{dp,/ doo vwxghqwv sduwlflsdwhg lq lw dqg vkrxog eh deoh wr mxgjh lwv frpsoh{lw| 1 Fdvh
E +djh, frqfhuqv jhqhudo nqrzohgjh/ derxw zklfk hyhu| hgxfdwhg flwl}hq zloo kdyh d
idluo| jrrg lghd1 Wkh odwwhu wzr fdvhv uhjdug suredelolw| wkhru| dqg ghqvlwlhv1 Vlqfh doo
sduwlflsdqwv kdg sdvvhg Vwdwlvwlfv 4 dqg kdg iroorzhg wkh frxuvh Vwdwlvwlfv 5/ wkh| pd|
eh h{shfwhg wr ghulyh uhdvrqdeoh txdqwloh hvwlpdwhv iurp wkh suhvhqwhg ghqvlwlhv1
Iru doo irxu fdvhv/ wkh h{dfw glvwulexwlrqv 0 dqg khqfh doo txdqwlohv dqg prphqwv 0 duh
nqrzq1 Wklv lv reylrxv iru wkh iuhtxhqf| glvwulexwlrqv ri Fdvhv D dqg E1 Dv wr Fdvh F/
Iljxuh 6 vkrzv wkh ghqvlw| ri wkh qrq fhqwudo fkl0vtxduhg glvwulexwlrq [
￿
￿ E2D> d vshfldo
fdvh ri Shduvrq*v w|sh LLL1 Wkh wrwdo olih wlph ri wzr oljkw exoev kdv wkh glvwulexwlrq
[
￿
￿ E2D= Ilqdoo|/ Iljxuh 7 iru Fdvh G slfwxuhv dv ghqvlw| ri Y wkh Ehwd 5 glvwulexwlrq
+Shduvrq*v w|sh YL, zlwk sdudphwhuv f ' H> g ' D= Vwdqgdug glvwulexwlrqdo wkhru| wkhq
jlyhv wkdw Y @EY n  kdv wkh Ehwd 4 glvwulexwlrq +W|sh L, zlwk wkh vdph sdudphwhuv1
Wdeoh 6 suhvhqwv doo wkluwhhq txdqwlohv s
￿ rffxuulqj lq wklv sdshu iru hdfk ri wkh
irxu fdvhv> phdqv dqg vwdqgdug ghyldwlrqv duh dgghg1 Wkh 89 sduwlflsdwlqj vwxghqwv
duh lqglfdwhg e| d wkuhh0gljlw qxpehu> wkh uvw gljlw +407, fruuhvsrqgv zlwk wkh phwkrg
wkdw kdg wr eh dssolhg/ wkh odwwhu wzr +4047, lghqwli| d vshflf vwxghqw1 H1j1/ 63: lv
wkh vhyhqwk vwxghqw zkr kdg wr jlyh txdqwloh ydoxhv dffruglqj wr Phwkrg 61 Dsshqgl{
4 vkrzv doo vxemhfwlyh txdqwloh ydoxhv 	 s
￿ 1 Krzhyhu/ Fdvh G zdv dssduhqwo| qrw ixoo|
xqghuvwrrg e| hyhu|rqh= qlqh vwxghqwv jdyh txdqwloh ydoxhv h{fhhglqj 433/ h1j1 Wkhvh
revhuydwlrqv kdyh ehhq rplwwhg lq wkh uhpdlqghu ri wkh sdshu> ixuwkhu/ wkh revhuydwlrqv
ri vwxghqw 739 iru Fdvh E dqg ri vwxghqw 73< iru Fdvh F kdyh ehhq rplwwhg/ ehfdxvh wkh
qxpehu ri txdqwlohv jlyhq zdv qrw htxdo wr :1 Rplwwhg revhuydwlrqv zloo eh lqglfdwhg
e| dq dvwhulvn E146
W deoh 61 Txdqwlohv/ phdqv dqg vwdqgdug ghyldwlrqv iru Fdvhv D0G1
 Fdvh D Fdvh E Fdvh F Fdvh G
+lq (, +h{dp, +djh, +olih wlph, +dprxqw D,
4 318 31;7 7415 6315
8 417 714 9;16 6<14
43 513 ;15 ;:15 7714
4518 517 4316 <71< 781<
58 616 5415 4591; 851:
6:18 713 5<17 48813 8:1:
83 717 6:14 4;619 9514
9518 815 7819 54819 9917
:8 81; 8815 58818 :413
;:18 918 9;1: 6481< :91:
<3 91: :41: 66713 :;14
<8 :17 :;1; 6;:1: ;41<
<< ;1; ;;14 83516 ;:1<
phdq 7183 6;1; 53313 9418
vwdqg1 ghy1 51:3 551; 43313 4613
8 Dffxudf|
Wkh uvw txhvwlrq wr eh frqvlghuhg lq wklv vhfwlrq lv zkhwkhu vrph vhwv ri txdqwloh ydoxhv
duh hdvlhu wr dvvhvv wkdq rwkhu1 Wr dqvzhu wklv txhvwlrq/ wzr phdvxuhv ri dffxudf| zhuh











































) ghqrwhv wkh qxpehu ri txdqwlohv s
￿
-
qhhghg iru phwkrg j> khqfh/ N
) htxdov
hlwkhu 6 ru :1 Dyhudjlqj ryhu vwxghqwv ohdgv wr wkh phdqv shu phwkrg dqg shu fdvh lq
Wdeoh 7147
W deoh 71 Phdq txdqwloh dffxud|1
PDG PVH
Fdvh D E F G Fdvh D E F G
Phwkrg Phwkrg
4 31<3 7176 9:1; :17; 4 413; 6;17 :968 46;
5 31<; 71:3 9817 43165 5 415< 7416 ::39 546
6 31:9 71:4 9413 43185 6 31;6 6;16 9;49 4<9
7 31;: 819; 8<17 ;14: 7 31<< 7<18 8;<< 476
Wkh pd{lpxp ydoxh lq hdfk froxpq lv sulqwhg erogo|/ wkh plqlpxp lq lwdolfv1 Wkh
dffxudf| lq dvvhvvlqj wkh irxu vhwv ri txdqwlohv grhv qrw vkrz pxfk vsuhdg/ dowkrxjk
Phwkrg 7 qhyhu vkrzv wkh kljkhvw dffxudf| 1
Pxfk pruh lqwhuhvwlqj lv wkh dffxudf| ri hvwlpdwlqj wkh phdq  dqg wkh vwdqgdug
ghyldwlrq = Khqfh/ zh fdofxodwhg hvwlpdwhv 	  dqg 	  iurp wkh vhw ri txdqwlohv shu vwxghqw1
Iru Phwkrgv 406 wklv lv hdvlo| grqh e| phdqv ri +4,0+6,> rxu PD WODE surjudp zdv xvhg
iru Phwkrg 7/ vhsdudwho| iru wkh Shduvrq v|vwhp +Phwkrg 7S, dqg wkh Mrkqvrq v|vwhp
+7M,1 Dv phqwlrqhg ehiruh wkh Shduvrq v|vwhp frqwdlqv glvwulexwlrqv zlwk qrq0h{lvwlqj
prphqwv> lqghhg/ iru hljkw vwxghqwv Phwkrg 7S glg qrw ohdg wr hvwlpdwhv ri  dqg2ru
= Wdeoh 8 olvwv wkh uhvxow iru wkhvh hljkw revhuydwlrqv1
W deoh 81 Revhuydwlrqv zlwk qrq0h{lvwlqj 	  dqg2ru 	 ( Phwkrg 7S
Fdvh Vwxghqw W|sh d e f g 	  	 
D 734 LY 51;65 31<54< 41675; 615889 :154 QdQ
739 LY 61665 31<54< 41675; 615889 :1:4 QdQ
744 LY 7193;< 4168<3 31<<56 31675: QdQ QdQ
F 734 LY 4591698: 45<18:7: 4136<4 3155;3 837 QdQ
73: YL 4441<<38 64819835 317553 41738: 773 QdQ
73; LY 451<<49 841;944 417565 5134<8 46: QdQ
G 735 LY 771;8;5 4418;49 413395 31693; 6:<1; QdQ
743 LY 8;1;953 <1<:83 414;68 316933 9;19 QdQ
Doo hljkw fdvhv uhodwh wr w|sh LY/ h{fhsw iru wkh revhuydwlrqv ri vwxghqw 73: lq fdvh




prphqw wr h{lvw duh=
+
f A En n @2> w|sh LY
g A n> w|sh YL/48
lq djuhhphqw zlwk Wdeoh 81
I ru wkh Mrkqvrq v|vwhp wkh sureohp ri qrq0h{lvwhqfh ri prphqwv fdq qrw rffxu1
Krzhyhu/ lw lv zruwk qrwlqj wkdw riwhq udwkhu h{wuhph hvwlpdwhv zhuh rewdlqhg iru wkh
hljkw fdvhv lq Wdeoh 81 H1j1 iru vwxghqw 744 lq Fdvh D/ Phwkrg 7 +Mrkqvrq v|vwhp, ohdg
wr 	  ' =HH +iru  ' 51:3,/ zkloh vwxghqw 734 iru Fdvh F jdyh 	  @ ;63 +iru  ' ff=
Wkh hljkw revhuydwlrqv lq Wdeoh 8 duh ohiw rxw ri wkh iroorzlqj dqdo|vlv ri Phwkrg 7S 1
Wkh uhpdlqlqj hvwlpdwhv iru  dqg  jlyhq lq Dsshqgl{ 5> iru hdv| frpsdulvrq wkh| duh
jurxshg shu fdvh1
Wr frpsduh wkh dffxudf| ri wkh glhuhqw phwkrgv/ wkh PDG dqg PVH duh
fdofxodwhg shu froxpq1 Wkh ydoxhv ri wkhvh dffxudf| phdvxuhv iru  dqg  duh suhvhqwhg
vhsdudwho| lq Wdeohv :D0E1
W deoh :D1 Dffxudf| ri hvwlpdwlqj 1
PDG PVH
Fdvh D E F G Fdvh D E F G
Phwkrg Phwkrg
4 31;4 6145 6618 614: 4 31:5 481:7 55<4 5319
5 31;8 6154 651: 916; 5 31;: 4<165 4<78 <615
6 31:7 61:: 5817 813; 6 3197 53189 45:; ;715
7S 31:; 61;7 6<18 9158 7S 31;7 56187 5874 :31<
7M 4147 619: 7618 818: 7M 41:9 54184 6447 8;16
W deoh :E1 Dffxudf| ri hvwlpdwlqj 
PDG PVH
Fdvh D E F G Fdvh D E F G
Phwkrg Phwkrg
4 31<6 5136 7;13 913< 4 31<7 :1:4 5:8: 8<13
5 3193 51;6 8719 ;194 5 3173 43189 7749 43516
6 31;4 5193 7318 :163 6 319< ;1:5 54<7 941;
7S 31;8 7159 8:18 ;165 7S 4138 83134 793< 43<16
7M 41:; 51<4 44616 49177 7M 4414< 46196 7:8<3 ;7717
Phwkrg 4 lv ehvw wzlfh/ lq hvwlpdwlqj erwk  dqg ( Phwkrgv 5 dqg 6 duh ehvw rqfh hdfk1
Phwkrgv 4 dqg 6 duh qhyhu zruvw1 D voljkwo| pruh vrsklvwlfdwhg frpsdulvrq lv rewdlqhg
e| udqnlqj shu froxpq iurp 4 +kljkhvw dffxudf|, wr 8 +orzhvw,1 Dgglqj wkhvh udqnlqjv
ryhu wkh irxu fdvhv ohdgv wr Wdeoh ;149
W deoh ;1 W rwdo udqnlqjv ri hvwlpdwlrq phwkrgv1
 
Phwkrg PDG PVH PDG PVH
4 ; : ; :
5 46 46 44 43
6 ; < : :
7S 48 48 48 4:
7M 49 49 4< 4<
Lw lv fohdu wkdw Phwkrg 7 shuirupv zruvw 0 hyhq diwhu wkh h{oxvlrq ri wkh hljkw sureohp
fdvhv iru 7S 1 Phwkrgv 4 dqg 6 gr qrw vkrz pxfk glhuhqfh dqg erwk rxwshuirup Phwkrg
51 Vr/ wkh suholplqdu| frqfoxvlrq ri rxu h{shulphqw lv wkdw wkh
+
H{whqghg Shduvrq0Wxnh|/ 60sdudphwhu phwkrg
Vhoylgjh0Odx0Kr/ :0sdudphwhu phwkrg
phwkrgv duh prvw vxlwdeoh iru wkh sudfwlfdo holflwdwlrq ri h{shuwv* nqrzohgjh1
Ilqdoo|/ zh xvhg irupdo whvwv wr vhh zkhwkhu wkh +yh, glhuhqw phwkrgv ohdg wr
glhuhqw h{shfwhg phdqv1 Ghqrwlqj wkh ydoxh ri e  lq Dsshqgl{ 5 iru d jlyhq fdvh e| {
￿
2
+l ' phwkrg/ m ' vwxghqw, dqg zulwlqj HE{
￿
2  ' 










Wr whvw wklv k|srwkhvlv/ uvw ri doo wkh I 0vwdwlvwlf uhvxowlqj iurp rq0zd| DQRY D zdv
fdofxodwhg1 Vlqfh lw lv udwkhu gxelrxv li doo qhfhvvdu| dvvxpswlrqv iru wklv whvw duh ydolg
khuh/ wkh "
￿
0vwdwlvwlf iroorzlqj iurp wkh qrq0sdudphwulf Nuxvndo0Z doolv whvw zdv dssolhg
dv zhoo1
Erwk whvwv zhuh dssolhg djdlq wr vhh zkhwkhu wkh h{shfwhg vwdqgdug ghyldwlrqv













2  dqg |
￿
2 ghqrwhv wkh e  lq Dsshqgl{ 51 Wdeoh < vkrzv wkh ydoxhv ri wkh
wzr whvw vwdwlvwlfv dqg wkh fruuhvsrqglqj s0ydoxhv +revhuyhg vljqlfdqfh,14:


















Fdvh DQRY D Nuxvndo0Z doolv DQRY D Nuxvndo0Z doolv
I s "
￿
s I s "
￿
s
D 41988 314:5 61577 3184; 51;37 31366 451644 31348
E 41:95 3147; 81;<3 3153: 4158< 315<9 817<: 31573
F 31;;: 317:: 61843 317:9 41558 31643 41494 31;;8
G 31887 319<: 616<7 317<7 41565 3163< 51566 319<6
Wkh reylrxv frqfoxvlrq lv wkdw rqo| rqh k|srwkhvlv lv uhmhfwhg= lq Fdvh D/ wkh yh
phwkrgv gr qrw ohdg wr wkh vdph h{shfwhg vwdqgdug ghyldwlrqv1
Xs wr qrz/ zh frqfhqwudwhg dwwhqwlrq rq sdudphwhu hvwlpdwlrq1 Lq pdq| vlw0
xdwlrqv/ krzhyhu/ wkh frpsohwh suredelolw| ghqvlw| lv ghvluhg1 Doo fodvvlfdo holflwdwlrq
phwkrgv wkhuhiruh qhhg dgglwlrqdo hvwlpdwlrq surfhgxuhv olnh wkh *olqhdu ixqfwlrq ri iudf0
wlohv* phwkrg/ ru Wrfkhu*v fxuyh> frpsduh Wrfkhu +4<96, dqg Odx hw do1 +4<<</ 5333,1
Rq wkh rwkhu kdqg/ rxu qhz phwkrg lpphgldwho| jlyhv d xqltxh glvwulexwlrq zlwklq
hlwkhu wkh Shduvrq ru wkh Mrkqvrq v|vwhp1 I ru Fdvhv F dqg G wkh vxemhfwlyho| irxqg
glvwulexwlrqv fdq eh frpsduhg zlwk wkh wuxh glvwulexwlrqv +Shduvrq v|vwhpv LLL dqg L/
uhvshfwlyho|,1 Wkh qdo Wdeoh 43 vkrzv wkh uhvxowv1 Rxu vwxghqwv zhuh qrw yhu| vxffhv0
ixo= iru Fdvh F wkh fruuhfw w|sh zdv irxqg e| qr rqh> iru Fdvh G e| : vwxghqwv rxw ri
451
W deoh 43 1 W uxh dqg vxemhfwlyh glvwulexwlrqv +Phwkrg 7S,1
Fdvh F+w|sh LLL, G+w|sh L, Fdvh F+w|sh LLL, G+w|sh L,
Vwxghqw W|sh W|sh Vwxghqw W|sh W|sh
l34 LY L l3; LY L
l35 L LY l3< 0 0
l36 L L l43 L LY
l37 L L l44 L L
l38 Y L l45 L LLL
l39 L YL l46 LY LL
l3: YL 0 l47 L L4;
9 Glvfxvvlrq
Irxu glhuhqw phwkrgv zhuh frpsduhg hpslulfdoo| iru rewdlqlqj iurp h{shuwv hvwlpdwhv
iru phdq dqg vwdqgdug ghyldwlrq> wkh| doo dvn wkh h{shuw rqo| txdqwlohv1 Wkh frpsdulvrq
zdv edvhg rq dq h{shulphqw lq zklfk 89 vwxghqwv zhuh frqiurqwhg zlwk irxu fdvhv/ hdfk
dsso|lqj rqh ri wkh irxu phwkrgv1 Wkh pdlq frqfoxvlrq ri wklv 0olplwhg0 h{shulphqw lv
wkdw wkh
H{whqghg Shduvrq0Wxnh|/ 6 sdudphwhu
Vheulgjh0Odq0Kr/ :0sdudphwhu
phwkrgv vhhp wr rxwshuirup wkh
H{whqghg Vzdqvrq0Phjloo/ 60sdudphwhu phwkrg
dqg duh vxshulru wr wkh rfwloh0edvhg
Prruv0Vfkxog0Pdwklmvvhq/ :0sdudphwhu phwkrg
Wkh odwwhu frqfoxvlrq lv glvdssrlqwlqj 0 dw ohdvw iru wkh uvw dxwkru zkr zdv d pdlq
ghyhorshu1 Lw zdv h{shfwhg wkdw wklv Phwkrg 7 frxog eh vxshulru/ pdlqo| iru wkh iroorzlqj
uhdvrq1 D txduwloh lv lq idfw wkh phgldq ri wkh orzhu ru xsshukdoi ri wkh glvwulexwlrq/ dqg
dq crgg* rfwloh wkh phgldq ri d txduwhu> khqfh wkh ghwhuplqdwlrq ri wkh vhyhq rfwlohv erlov
wr wkh uhshdwhg hvwlpdwlrq ri phgldqv1 Wkh h{dfw uhodwlrq ehwzhhq glvwulexwlrqv zlwklq
wkh Shduvrq ru Mrkqvrq v|vwhp dqg wkh ghulyhg txduwhw ET> U> V> W  zdv frqvlghuhg wr
eh d vhfrqg dgydqwdjh= qr dssur{lpdwlrq irupxodh iru hvwlpdwlqj  dqg  iurp wkh
txdqwlohv zhuh qhhghg1 Krzhyhu/ Phwkrg 7 zdv qrw hyhq vxshulru zlwk uhvshfw wr wkh
dffxudf| ri txdqwloh hvwlpdwlrq1 Wkh qrq0h{lvwhqfh ri prphqwv iru d vhw ri glvwulexwlrqv
zlwklq wkh Shduvrq v|vwhp suryhg wr eh ixuwkhu kdqglfds1
Ri frxuvh/ lw zrxog eh suhpdwxuh wr glvplvv phwkrgv rq wkh edvh ri wklv olplwhg
h{shulhqfh1 I xuwkhu h{shulphqwdwlrq zloo eh qhhghg1
Dfnqrzohgjhphqw
Zh duh judwhixo wr Surihvvru Shwhu Zdnnhu iru klv frqwlqxlqj vxssruw dqg dgylvh gxulqj
wklv vwxg|14<
Uhihuhqfhv
Ehujhu/ M1R1 +4<;8,/ Vwdwlvwlfdo ghflvlrq wkhru| dqg Ed|hvldq dqdo|vlv/ Vsulqjhu0
Y huodj/ Qhz \ run1
Fohphq/ U1 +4<<4,/ Pdnlqj kdug ghflvlrqv= dq lqwurgxfwlrq wr ghflvlrq dqdo|vlv/
SZV0nhqw/ Ervwrq/ PD1
Jurhqhqgddo/ Z1M1K1 ydq ) Nohlmqhq/ M1S 1F1 +4<<:,/ Rq wkh dvvhvphqw ri hfrqrplf
ulvn= idfwruldo ghvljq yhuvxv Prqwh Fduor phwkrgv/ Mrxuqdo ri Uholdelolw| Hqjl0
qhhulqj dqg V|vwhpv Vdihw| 8:/ <404351
Nhhihu/ G1O1 ) Y huglql/ Z1D1 +4<<6,/ Ehwwhu hvwlpdwlrq ri SHU W dfwlylw| wlph sd0
udphwhuv/ Pdqdjhphqw Vflhqfh 6</ 43;9043<41
Odx/ K10V1> Odx/ D1K10O1 ) ]kdqj/ \ xh +4<<:,/ Dq lpsuryhg dssurdfk iru hvwlpdwlqj
wkh phdq dqg vwdqgdug ghyldwlrq ri d vxemhfwlyh suredelolw| glvwulexwlrq/ Mrxuqdo
ri Iruhfdvwlqj 49/ ;60<81
Odx/ K10V1> Odx/ D1K10O1 ) Kr/ F10M1 +4<<;,/ Lpsuryhg prphqw0hvwlpdwlrq irupxodv
xvlqj pruh wkdq wkuhh vxemhfwlyh iudfwlohv/ Pdqdjhphqw Vflhqfh 77/ 67906841
Odx/ K10V1> Odx/ D1K10O1 ) Nrwwdv/ M1I1 +4<<<,/ Xvlqj Wrfkhu*v fxuyh wr frqyhuw
vxemhfwlyh txdqwloh0hvwlpdwhv lqwr d suredelolw| glvwulexwlrq ixqfwlrq/ LLH Wudqv0
dfwlrqv 64/ 57805871
Odx/ K10V1> Odx/ D1K10O1 ) Nrwwdv/ M1I1 +5333,/ D frpsdulvrq ri surfhgxuhv iru hvwl0
pdwlqj wkh sduhqw suredelolw| glvwulexwlrq iurp d jlyhq vhw ri iudfwlohv/ Hxurshdq
Mrxuqdo ri Rshudwlrqdo Uhvhdufk 453/ 98:09:31
Phjloo/ U1H1 +4<::,/ Dq lqwurgxfwlrq wr ulvn dqdo|vlv/ Shwurohxp Sxeolvklqj Frp0
sdq|/ Wxovd/ Rn1
Phunkrihu/ P1Z1 +4<;:,/ Txdqwli|lqj mxgjphqwdo xqfhuwdlqw|= phwkrgrorj| / h{shul0
hqfhv dqg lqvljkwv/ LHHH Wudqvdfwlrqv rq V|vwhpv/ Pdqdjhphqw dqg F|ehuqhwlfv
4:/ :740:851
Prruv/ M1M1D1 +4<;9,/ Wkh phdqlqj ri nxuwrvlv= Gduolqjwrq uhh{dplqhg/ Wkh Dphu0
lfdq Vwdwlvwlfldq 73/ 5;605;71
Prruv/ M1M1D1 +4<;;,/ D txdqwloh dowhuqdwlyh iru nxuwrvlv/ Wkh Vwdwlvwlfldq 6:/ 58065153
Prruv/ M1M1D1> Vfkxog/ P1K1 ) Pdwklmvvhq/ D1F1D1 +4<<8,/ D qhz phwkrg iru dvvhvvlqj
mxgjphqwdo glvwulexwlrqv/ Uhvhdufk Phprudqgxp :3;/ Wloexuj Xqlyhuvlw| / Wkh
Qhwkhuodqgv1
Prruv/ M1M1D1> Z djhpdnhuv/ U1Wk1D1> Frhqhq/ Y1P1M1> Khxwv/ U1P1M1 ) Mdqvvhqv/
P1M1E1W1 +4<<9,/ Fkdudfwhul}lqj v|vwhpv ri glvwulexwlrqv e| txdqwloh phdvxuhv/
Vwdwlvwlfd Qhhuodqglfd 83/ 74:07631
Prruv/ M1M1D1> Vwulmervfk/ O1Z1J1 ) ydq Jurhqhqgddo/ Z1M1K1 +5335,/ Hvwlpdwlqj
phdq dqg yduldqfh wkurxjk txdqwlohv= dq h{shulphqwdo frpsdulvrq ri glhuhqw
phwkrgv/ FhqwHU Glvfxvvlrq Sdshu 533509:/ Wloexuj Xqlyhuvlw| / Wkh Qhwkhu0
odqgv1
Shduvrq/ H1V1 ) Wxnh| / M1Z1 +4<98,/ Dssur{lpdwh phdqv dqg vwdqgdug ghyldwlrqv
edvhg rq glvwdqfhv ehwzhhq shufhqwdjh srlqwv ri iuhtxhqf| fxuyhv/ Elrphwulnd/
85/ 86608791
Vdowhool/ D1/ Fkdq/ N1 ) Vfrww/ H1P1 +hglwruv, +5333,/ Vhqvlwlylw| Dqdo|vlv/ Zloh| /
Fklfkhvwhu +Hqjodqg,1
Vhoylgjh/ M1 +4<;3,/ Dvvhvvlqj wkh h{wuhphv ri suredelolw| glvwulexwlrqv e| wkh iudfwloh
phwkrg/ Ghflvlrq Vflhqfh 44/ 7<608351
Vshw}ohu/ F1V1 ) Vwdîo yrq Krovwhlq/ F1V1 +4<:8,/ Suredelolw| hqfrglqj lq ghflvlrq
dqdo|vlv/ Pdqdjhphqw Vflhqfh 55/ 673068;1
Vwxduw/ D1 ) Rug/ M1N1 +4<;:,/ Nhqgdoo*v dgydqfhg wkhru| ri vwdwlvwlfv/ Jul!q Orq0
grq1
Zlqnohu/ U1O1 +4<:5,/ Dq lqwurgxfwlrq wr Ed|hvldq lqihuhqfh dqg ghflvlrq wkhru|/
Krow/ Ulqhkduw dqg Zlqvwrq/ Qhz \ run154
Dsshqgl{ 4 Revhuyhg txdqwlohv
Phwkrg 4
Vwxghqw D +h{dp, E +djh, F +olih wlph, G +dprxqw D,
434 5 819 :17 7 83 97 5; 493 853 -
435 5 8 ;18 7 76 9; 63 493 583 -
436 5 9 ; 7 69 :; 53 ;3 833 48 95 ;8
437 518 8 ; 43 65 98 53 493 758 66 :3 ;3
438 615 814 ;14 9 73 :< 7; 498 768 6:18 9518 ;3
439 51: 814 ;1; 8 63 ;3 63 4:3 883 -
43: 5 81< ;16 8 6: ;5 7 ;3 533 8 96 <8
43; 514 816 :1; 4 76 ;: 65 4;9 7<8 ; 7; <5
43< 41< 814 ;1; < 7; <3 93 483 583 7: 94 9<
443 418 71; ;18 43 73 98 83 493 833 73 98 ;3
444 517 81< ;1: 716 68 ;3 4:15 499 756 6;15 96 ;7
445 7 818 ; 9 67 :9 6 ;3 583 58 98 ;3
446 617 815 :17 614 7819 :715 49 499 8:3 4;1: 9617 ;714
447 5 8 ; 7 73 ;3 49 4:3 933 53 95 ;8
Phwkrg 5
Vwxghqw D +h{dp, E +djh, F +olih wlph, G +dprxqw D,
534 5 8 ; < 78 :3 53 493 833 73 93 ;8
535 5 818 :16 : 73 :9 44 ;5 558 -
536 614 916 ;1: 54 73 9; 93 483 733 58 98 ;3
537 61; 8 ;16 < 6: ;4 443 4:9 563 7; :3 :8
538 518 8 :19 45 73 :4 83 493 733 74 95 :;
539 5 718 ; 43 75 :8 93 493 783 43 68 :3
53: 51: 815 :1; : 68 :8 433 493 733 53 93 :8
53; 616 914 :1; 6 68 :9 4< 499 563 43 ;3 <3
53< 5 718 ;14 43 78 93 4; 493 733 58 5918 ;616
543 517 918 ;14 47 87 :; 57 4:3 953 57 77 :;
544 6 9 ;18 < 7; :6 83 438 758 86 96 :3
545 616 814 :1< ; 6; :5 :3 493 933 66 99 ;5
546 518 818 ; 53 63 :6 83 493 733 66 93 ;3
547 518 8 ; 53 85 :3 43 433 633 53 95 <555
Phwkrg 6
Vwxghqw D +h{dp, E +djh,
634 518 6 7 815 918 :18 < 4 7 53 73 93 ;3 <6
635 4 5 615 8 9 :1:8 < 4 43 53 73 88 :9 <3
636 5 716 8 819 919 :1: <18 5 8 48 67 88 96 :9
637 415 6 618 718 918 ;14 <16 5 ; 4< 6: 8: :8 <;
638 4 518 61; 818 9 : ;18 7 48 63 73 8; 9; ;3
639 4 6 618 81; 919 :18 ;1; 7 45 58 76 8: 93 :4
63: 4 5 7 8 9 ; < 5 43 4; 58 83 98 ;3
63; 4 5 618 8 918 ; <18 314 318 58 78 :8 ;3 <3
63< 418 516 717 816 91; :17 <1: ; 48 5: 76 85 :4 ;6
643 318 6 718 818 918 ; 43 6 ; 58 78 95 ;3 ;;
644 4 5 518 718 8 : < 6 45 58 68 78 98 ;8
645 4 6 7 818 :18 ; < 8 53 73 83 93 :6 <3
646 417 41; 6 818 :16 ;1< <18 4 ; 53 69 93 ;3 ;<
647 418 618 7 9 : ; < 8 43 58 78 93 :8 ;8
Vwxghqw F +olih wlph, G +dprxqw D,
634 43 73 :3 493 573 633 833 8 48 58 83 :3 ;3 <8
635 ; 73 433 493 633 763 ;33 46 63 83 95 :8 ;3 <9
636 ;3 453 493 533 653 693 6:3 63 78 94 98 :3 :: ;3
637 48 73 <3 493 633 793 93< 53 58 78 95 :8 ;6 <5
638 :3 <3 493 563 633 783 933 43 48 53 63 78 93 433
639 6 53 <3 4:7 653 833 953 4 66 7: 93 :8 <3 <8
63: 53 93 483 533 733 933 :83 -
63; 53 83 ;3 493 633 783 :33 43 66 83 95 ;3 <3 <5
63< 43 73 ;3 4:3 633 833 8;3 -
643 5 53 73 ;3 493 633 6;3 4 48 73 93 ;6 <5 <<
644 83 :8 433 4:3 633 733 933 53 63 83 95 9< ;3 <8
645 83 433 483 4;3 533 733 933 -
646 8 53 93 4:3 5;3 793 8;3 48 5; 75 98 ;3 <3 <7
647 43 83 <3 493 5;3 783 983 5 58 83 :3 :8 ;3 ;:56
Phwkrg 7
Vwxghqw D +h{dp, E +djh,
734 5 7 718 8 818 : ; 43 48 58 63 88 :6 ;3
735 5 618 7 8 818 918 :18 9 45 56 68 89 98 ;3
736 618 718 8 818 915 918 : 48 55 63 6; 78 88 :3
737 5 6 718 8 9 918 : 48 53 58 68 73 83 93
738 516 716 719 9 : :15 ;18 9 48 63 86 93 :3 :8
739 6 718 8 818 9 :18 < -
73: 5 618 718 81; 918 : ; 43 48 53 63 68 78 93
73; 518 6 7 71; 9 918 :18 ; 47 53 73 83 93 :3
73< 6 7 718 8 9 918 :18 48 58 68 73 78 83 93
743 4 6 718 818 9 : ; 43 53 58 73 88 93 ;3
744 418 7 71; 815 81: : ;18 6 ; 48 68 78 88 9;
745 618 718 8 818 9 : ; 4: 5; 68 73 85 96 :3
746 618 7 718 71; 814 91: :15 55 5< 6: 73 7; 88 93
747 6 714 719 818 :14 :19 ; < 4: 66 7; 88 93 9:
Vwxghqw F +olih wlph, G +dprxqw D,
734 53 83 433 493 533 633 933 43 63 68 83 93 ;3 <3
735 83 ;3 433 483 4:5 586 633 53 73 78 83 88 98 ;3
736 73 ;3 453 493 633 733 883 78 83 88 93 :3 ;8 <:
737 93 433 458 4:3 4<3 543 583 63 83 93 :3 ;3 ;8 <3
738 93 433 467 4:; 553 5;3 6;3 7; 85 88 93 9: :3 :;
739 93 <3 453 493 573 633 753 68 83 8: 95 :3 :8 ;4
73: 98 453 473 493 543 633 833 -
73; 53 76 :8 ;3 435 478 543 48 58 78 83 93 98 :3
73< - -
743 6; 7: 95 ;6 438 473 4<5 73 88 89 95 99 :4 ::18
744 93 <3 483 4:3 553 633 6;3 78 86 8; 98 9; :5 :8
745 77 ;3 458 493 553 653 793 73 86 8: 95 9;1; :717 :<15
746 63 83 93 ;3 433 463 4<3 64 68 73 83 93 98 9<
747 83 ;3 453 493 573 633 733 43 53 73 93 9: ;3 ;857
Dsshqgl{ 5 Hvwlpdwhv ri  dqg 
Fdvh D +h{dp,1 Hvwlpdwhv ri phdq +7183, dqg vwdqgdug ghyldwlrq +51:3,1
Phwkrg l 4 5 6 7S 7M 4 5 6 7S 7M
Vwxghqw a  a 
l34 815: 8133 815: 0 918: 41:3 5165 4195 0 9163
l35 813< 71<< 71;5 8133 8133 41<; 513< 5135 519; 5195
l36 8196 9139 81;3 8183 8183 41;< 514; 417< 4166 4166
l37 813< 8196 8135 7197 719: 419; 41;5 41<6 5138 5138
l38 8163 8136 8135 8174 8175 4184 41<; 41:4 5195 518;
l39 8167 71;3 8163 0 :13: 41;; 5167 41;3 0 9163
l3: 8195 8156 8133 71<9 8137 41<8 41<; 5133 5176 5166
l3; 814: 81:: 8135 71:7 71:7 41:7 41:9 5145 41;7 41;9
l3< 814< 71;6 8165 817: 8176 5143 516; 41<3 41;9 41:<
l43 71;: 81:8 817; 7159 8183 5146 515< 5133 716; 5178
l44 81:: 81;8 7159 0 9184 41<5 5146 41;: 0 461;;
l45 819< 8173 8189 9153 9146 4157 41;3 41<7 717< 519;
l46 815: 8168 8166 8189 8183 4155 5146 5168 41;9 41:;
l47 8133 8148 81:3 81;8 81;6 41;5 5146 41:9 41:6 41:7
Fdvh E +djh,1 Hvwlpdwhv ri phdq +6;1;, dqg vwdqgdug ghyldwlrq +551;,1
Phwkrg l 4 5 6 7S 7M 4 5 6 7S 7M
Vwxghqw a  a 
l34 7714 741: 7414 7517 741< 4<1; 561; 5817 5;1; 5;18
l35 7317 731< 7316 6;1; 6;19 4<1; 591: 5613 591; 5:13
l36 6:1< 751: 671; 6<14 6<13 5519 4;16 5317 561; 561;
l37 6713 741; 6<18 6813 6813 491< 5;15 5714 4:16 4:18
l38 731< 731< 7514 7615 751< 5515 551< 4<13 5:17 5:18
l39 6719 7516 7313 - - 5619 5815 4:17 - -
l3: 6<17 6;19 651< 6313 6313 5619 5918 4<1; 5316 5317
l3; 7617 6:1: 7819 6:13 6:14 5915 5;17 5917 5517 5519
l3< 7;19 6<13 741< 6613 661: 5719 5313 4<15 771< 591;
l43 6<14 7<15 7715 7313 7313 491; 5814 561: 5614 5616
l44 6:19 761; 6919 6417 6418 5616 5813 4<14 5617 5619
l45 6919 6<15 7;1< 7:15 791: 5419 571; 4<17 5418 5414
l46 7613 6<1< 7316 7613 751; 541< 5514 5715 481; 481:
l47 731: 7:1; 7617 6;18 6;18 5614 4<1: 541< 5613 561358
Fdvh F +olih wlph,1 Hvwlpdwhv ri phdq +533, dqg vwdqgdug ghyldwlrq +433,1
Phwkrg l 4 5 6 7S 7M 4 5 6 7S 7M
Vwxghqw 	  	 
l34 535 553 49; 0 54< 48< 4<5 43; 0 ;63
l35 486 437 546 4:7 4:5 9; ;8 497 438 437
l36 47: 4<; 55: 583 579 4:3 46: ;5 4<8 4<3
l37 4;6 4:5 53; 479 47; 45: 7: 47< :9 :6
l38 4<6 4<< 57; 544 539 456 46< 45: 48< 487
l39 547 54: 54< 545 53; 49; 48; 496 478 46<
l3: ;; 547 5:9 0 5<6 94 457 4;9 0 65;
l3; 548 474 543 0 454 479 ;7 488 0 4:7
l3< 485 4;< 546 - - 8; 483 486 - -
l43 536 594 44: 435 433 47; 576 <9 9< 99
l44 4;9 4;8 544 548 543 459 48< 45: 488 47;
l45 <: 598 53: 574 564 :; 555 446 55; 534
l46 546 4<< 4<; 446 43: 4:< 46< 484 4<8 43<
l47 554 466 539 535 4<; 4<3 449 47< 46: 467
Fdvh G +dprxqw D,1 Hvwlpdwhv ri phdq +9418, dqg vwdqgdug ghyldwlrq +4613,1
Phwkrg l 4 5 6 7S 7M 4 5 6 7S 7M
Vwxghqw 	  	 
l34 - 9418 7;17 8;13 8:16 - 4:18 5619 6519 6514
l35 - - 8<1; 0 9319 - - 4<13 0 43914
l36 8:19 8:18 9617 9<15 9;19 5514 5515 4417 5513 5417
l37 9813 971< 8;1: 9818 981< 481: 4416 4<18 561: 5617
l38 9414 9318 671; 9417 9416 4614 4717 4;1< 4318 4318
l39 - 6;13 8<1< 9614 9615 - 5617 5419 4;1: 5417
l3: 8;15 8518 - - - 5;14 5515 - - -
l3; 7;1: 9513 9516 7616 761; 5819 6716 5317 561< 5619
l3< 8<1< 7614 - - - 91; 5916 - - -
l43 9615 7;15 8;14 0 9816 4517 5415 5917 0 6517
l44 9516 9514 8;1< 9418 941: 4713 919 4:1; 441< 441:
l45 9317 8<16 - 9819 9814 4:1; 4<14 - 4:18 4:1:
l46 8<13 8:1< 9415 8313 7<1< 531: 4;16 5418 4713 4715
l47 8;18 8;17 931: 7<1; 8313 5316 5;13 5314 6416 6416